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£ {? The model considered here consists of © operating units which are subject
;% %é to stochastic failure according to an exponential failure time distribution.
éé if These cperating units are backed up by m, spare units. Failures can be of two
% §‘ types. With probability p(q) a failure is of type 1(2) and is sent to repair
8§ ﬁ‘ facility 1(2) for repair. Repair facility 1(2) operates as a s;(s;)-server
. queue with exponential repair times having parameter uy{n,).  The number of units
e i waiting for or undergoing repair each of the two facilities is a continuous-
i ¥ R . .. . ..
N perameter Markav chain with finite state space. This: paper derives limit theorems
= for the stationary distribution of this Markov chain as n becomes large under
f} the assumption that sA, s;, and m_ grow linearly with n. These limit theorems

give very useful approximations, in terms of the seven parameters characterizing
the modz1, to a distribution that would be impossible to calculate in practice.
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NONTECHNICAL SUMMARY

This veport considers a generalization of the repairman models

treated in [3]. Here the system studied consists of n operating

P % N . -
O 0 O N b 274 £ B DB b e 0wt 13 628 5 B G

units, m, spare units, and two repair facilities. The cojerating units
- are subject to failures of two types: mnor and major. Minor failures

are sent to a local repair faci’ity and major farlures t¢ a central

repair facility. Once a unit is repaired it is returned to the spare

pool if n wunits are operating, otherwise it goes directly into

operation.

As in [3], . we shal! assume that al' failure and service
times have an exporential distribution. The stochastic processes

representing the number of units waiting or undergoing repair at each

N it o 2 S b Al SRS L DR oAb AR

of the two repair facilities is a finite state, continuous-parameter
Markov chain, which attains & stationary or steady-state distribution
after a long time has elapsed Actual numerical computatron of this
steady-state distribution 1s difficult However, the method developed
in th's paper provides a readily caicu’ated approximation when n is
large, along with results which allow for rel-able prediction of system
perfcrmance. OQOur principal concern in this paper is tc understand
how system performance is effected by the many system parameters.

. At the current state of kxnowledge we feel that this is the correct

approach and that attempts tc optimize system performance should come

RN

latter
For sake of numerical illustration we give several examples
Suppose there are 100 operating units and 30 spare units of a single

type and that their failure time has exponential distribution with mean

R S 1 PR SRt Ko

'0 days With probability 8 the failure is minor and can be fixed
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at the local repair facility, number 1. With probability .2 it is major

and must be repaired at the central facility, number 2 Repair facility

1 has 10 servers with mean repair time 1 day. Repair facility 2 has

i 3 ONIEL PP

.3 N

15 servers with mean repair time 5 days. Let Xi denote the number

of units waiting for or undergoing repair at facility i (i =1, 2) in

L i

the steady-state. Then the app-cx*mations cotained in this report
- yield the fact that X, and X, are inderendent, X, (XZ) is
approximately normal with mean 8 (10) and standard deviation
2.8 (3 1) The probabiiity that 100 units are cperating is .998. These
results are unchanged if the number of spares is reduced to 11. In this
example neither of the repair faciiities 's saturated and essentially a
3 maximal number cf units are operating.

In contrast to this first example, suppose the number of servers

fg ot
VIO

at facility 1 is reduced from 10 to 5 and that the other parameters
remain the same. Then the random 2-vector (Xi, XZ) js approximately
a bivariate normai with mean vector (61,6.2, and covariance matrix

,E! 69 -6.2 The number of operating units is approximately normal
3 -6.2 62
: with mean 62 and standard deviatizn 8 7. If in this exampie, the
number of spares is reduced from 30 i0 5 units, then the distribution
of the nuwder of operating units is uneffected, however (X], Xz)
is bivariate normal with mezn vector (45, 6.2) and the same covariance
matrix. Thus in this case adding more spares only increases the

congestion at facility one without increasing the number of operating

umts

tet n denote the number of operating units, M the number of

spare un1ts, A the failure rate, p(1-p) the probability of a minor

(major) failure, s;(s;) the number of servers at facility 1(2),

1 (ii4)
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and L,fpz) the service rate of a single server at facility 1(2).
The following general conclusions are among those that can be drawn

from the resuits of this paper:

: - n}.g - .
(i) if . < mtn(sn, mn)
and 29 . minis?, m ),
= by n’> 'n

then both facilities wiil be unsaturated and essentially a fuli set of

n units wiil be operating;

(i1} if, on_the other hand, either

ap -
u n
1
or
n"‘q > o<
—_— S ‘
3 n
2

then at least one facility will be saturated and fawer than n units

wiil be operating.

(iv)
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3 .
s APPROXTMATIONS FOR THE REPAIRMAN PROBLEM ié
: WITd TWO REPAIR FACILITIES, 1I: SPARES* ‘ ?
i3
- by 1[ :i

Dt ANt
N, TR

Donald L. Iglehart and Austin J Lemuine

i. IRTRODUCTIOXR

a
"( Ny

The first paper in this series [3] considered a generalization

Juyan A.f' o

of the classical repai-man probiem in which there were two repair

*

3 facilities but no provision for spare units. In this paper we study

the same mecel but aow include spare uniis. Again we have n operating
units which are subjez: to failures according to ar exponential

failure dictributi-n with paremeter A > 6. Backing up these n
operating units are m, sgare units wnicn can be used to repiace any

of the operzting units thet faii At most n units can be operating

g at a given time. Twe tyves cf failures are possible. With probabiiity

p{q} a fairlure of type one (two) occurs and the failed unit reguires

R3O

se-xice from repair facility 1(2) which operates Tike &n s> (s;) -

server queue with exponential service time distribution having parameter

: b \uz). When repairs are cempieted on a unit, it returns to the spare
! poo? and is once again available to be used as an ¢serating unit  The
o

fiow of units in the system i$ shown in Figure 1.

—

This researzh was sponscred by Office of Naval Research contract
N00014-72-C-0266 (NR-347-022)
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As 1n {3] we let X:I(t) denote the nusber of units waiting and

-

undergoing repair at facilzty 1= 3,2 Tjke process .’Sn(t) z
(), X;{t)) is 2 positive recurrent Markov chein (M.c.) with a
- finite state space and herce possesses a stat:onary distributien
Our gea® ag2in 1c te study this staticrary distribution as n— «
Trts we do under the assumption that s;~ ns, {+ : ¥, 2) and
woes PT35S K> e, where 0 < S; i and m » 0 Our results
provioe siiple approximztions for the staticnery distribution in

terms ¢f the seven independent paremeters in the model besides n:

Xy Py Syu by Sos by, 8 ¥hen spares are included in the model, there

are & greet many cases to consider most of which yieid different
i results As 3 compiete elatoratisn of all cases would prove to be
5 2

AR t——" = =
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very tedicus, we have elected to presest snly a representati.e sample cf
cases since the methodology seems more important than the specific

resulis

The organization of the paper is as follows. As in [3] we treat f
the classical repaimman problem wrth one repair facility in Section 2

- The fu!! two faci*ity mode! 1s dez't with ir Section 3

]
7
E
g

4 2. ONE REPAIR FACILITY 1
First we consider the medel :n Figure 1 with only one repair
2 faci*ity; i.e, p=1,0¢=0 Llet X(tj, a birth-death process,
’ denote the number of units waiting or undergoing repair at time ¢
: Let Lyt and s"" = s, with 5.~ BS, where 0 < s < 1. The
E stete-space of the process is K = {0, *, >, N+ mn}, the birth
E pa-smeters ace Agn) = (n - [t-mnf);, and the death pirameters
- )
2 3°€ ,f"’ = (i A sn)p Let x denote 5 random variable (r v)
b rs. ng the stationary distridut:on of the process ixn(t) :t >0} :‘E
; ang 1 n - [xﬁ-mn}’, the stat:oncry number of units gperating %
= ’ . ’ -
it ;..;"' = P:Xn = ir, then we kncw f-cm the general theory that i ;
- |
;3
m) _ _(ni, (n) 5
. £, R S T 3
whe-e r
(2 1 S N | %
; _{(n) _  (n) (0)y, . (n) _ (a)y | 3 3
(2 2) - = (’-0 )i-])/(u] hi ), i z 1
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As in [3], we let @ (1) denote a Poisson r.v. with parameter
A, and ®B(n,p) denote a bincmial r.v. with parameters n and p.

Let a = A/u. Then the first results is

(2.3) PROPOSITION. If a<sAm, then

o™ = [1- 0 V2)] pO(na) = i}, 0<ics Am
and

o ¢ [ - o)) 2(@na) = s, Amsa " A

i-s_ Am
1/2 n ny .
= ¢gi{n < < +
(n"/“a s s, Wp<ig<n+m,

where o« =a[(s\m} - <J< 1 (with € > 0 chosen suitably small) and

the terms o(n"/z) are uniform in 1 < N .

Proof. We shail oniy treat the case s < m, the other being similar.

Then froem (2.17 and (2.2) we can write !

-~
=

~

)

e"? p@®(na) = ii, 0<ic<s,,

-
3
St
)
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=
©
©
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]
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[]
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3

and

- -m_-1

(n) _ _na _ nay™m >n SFn"' n-k . 3

70 = e P{@na) = s } (S—r;-) kl-lo (—s;' -a), mo<i<ntm. ?
' d

Using the same method employed in Proposition 2.21 of [3], we can %
stiow that

ol R de ol 1

eM '(‘") = 1+00M?), as n—> o,

n

From this (2.3) follows immediately.
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From (2.3) we obtain the following corollary using the classical

limit laws for @{nz).

(2.4) COROLLARY. If a<s Am, then

limP{X <s Am} = 1
frco n—-°n n ’
n'] X = a,

(X, - na)/(na) /¢ => N(0,1),

1im P{Yn =n} = 1,

n-o
"2 _ -1/2
(na) P{Xn = k} - (2m) exp{-znk/Z} — 0,

uniformly for integers k € R, where Zop = (k-na)/(na)1/2.

(2.5) REMARK. This result shows that when a < s/Am and n

is large the number of busy servers fluctuates about na and with very

high probability n wunits are operating and no queue forms at the

repair facility. One would normally expect s < m; however, just so

fong as m > a the exact number of spares is not important. The

condition a/s <1 is a Tight traffic condition which seems to be a

desirable state of affairs from an operational point-of-view.

Next we consider c¢wo cases ot neavy +ratfic (a > s} before
returning to the remaining case of light traffic (m < a <s), which

requires a different technique.

e

RN ,.xfz;{:«ﬁﬁ: i i

Ay
i

T Qv npr ty oo
B et o IS AT P REE D




J et B RIS
£

WSighe

A

—

3

-

|
.

oi" = [1- o A1 P@(sb) =0t m -l mys cicnm,
4 and

o 3 m \/'s -1

’ pgn) = o(n 1/2 B n n ) 05_1 < mnvsn

where b =al and g = (S 1 —={ <1 (with € >0 chosen 7
a "11-(s-~m) - - 2
. suitably small) and the terms o(n']/z) are uniform in i ¢ N, %
Proof. We only treat the case s < m, the other case being similar <§
- | again. For this case it is more convenient to start with "5;231 =13 g
b n B
2 see the proof of Proposition (2.21) in [3] for further discussion. é
Ee ‘é
, Using this normalization we can show that fi
s b =
k. e " nrgn) =1+ o(n'-]/z), as n —>w, x
b n ,
X R
Once this is established the proof follows the general method used “n [3]. :
1 :
4 As we have seen above the following corollary is obtained :'E
L immediately. l ?
. (2.7) COROLLARY. If a > s/[1-(s-m)"], then B
- Tim P{X_ >m\/s .} =] and ¢
am n Z ™V Sp —_— é
y -1 '
%._ n X, =>1+m- sb. 2
i 1 1 1 Z
A In addition, if ln']sn - s| = o(n”% and |n"'m, - m| = o(n” /2y, then ;é
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(Y, - nsb)'/(nsb')]/2 => N(0,1), and
(nsb) 1/2 PLY_ = k) - (2n) 1/ expl-zy /21 —> 0,

1
. » )

uniformly for integers k e R, where z'rlk = (k-nsb)/(nsb)]/?‘.

o
3
e
| 8
s
ded
1,
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ki
I8
e
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: (2.8) REMARK. Notice that in this case roughly nsb units will be

T A A B s

operating regardless of the ]eve]lof spdres. . Furthermore, aﬁ servers

will be occupied and queues of the order of n [1+m - s(b+1)] will’

form. The moral of the story here is that if the queue is in a heavy

;; traffic condition (a.> s/[1 - (s-‘m)+]) gpa:res are of no help in
eliminating congstion and _down operating units. '
~ - Finally, we turn to the last case of light traffic, m < a<s. ’ ! :
b . T - . ‘ :
3 Let !

o
P i

(2.9) PROPOSITION. If m'<a<s and [e(a+ma)/(m+ma)]m (a)”! Toy<n,

then
pgn) =0 - ;(n~1}2)]zp{B(n+mn, a/(:]+a)) =i}, mo<i<sg, f
' oM < 11 - o VHILED ()T pina) = 13, b 0<i < m, e
.pgn) = :o[n'1/2(li’§§i§ a)‘iﬁs'"], sp <1< n-+.mn
where € > 0 is chosen suitab}y small and the term o(n” ]/2) are

uniform in 1 ¢ Nn'

BRSNS R
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Proof. Here we take the ngn)'s to be normalized so that né") = 1.
Then we find that
ngn) = ™ p{@(na) = i} » 021 <,
n(n) = b PR(n+m af1+a)"1) = i} m <i<s
i n n’> "¢ >"'n—"="n?
and
n(") = b_ P{®(n+m a(1+a)'1) =g } cgn) s <i<n+m
i n n’ n” i *°n -
where
m n +m
n " (1+a) n
bn = -
(n#m ) «o (n#1)
and
n+m -S n+m -1i+1
cgn)___ n LU [P n -al, s.<i<n+m.
i s s n - n
n
First we shall show that
(2.10) b;] n,g“) = 1+onV?), as n— o

Using Chebyshev's inequality it is easy to show that

S
(2.11) S L N TOR

Also using the fact that (1+m-s)a < s by hypothesis, we can show that
A+
(2.12) SUI I LU OO
" oj=s +]
n
For n sufficiently large it follows from resuits on exponential

convergence that
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PP(ma) <m} < ["2 (am)™" ;

see for example HEATHCOTE (1967), p. 224. Hence

SR

bn 120 Sn) < oM b;] [e™23(a/m)™" .

It is easy to show for large n that

1 - :
; [( ]+m) (Wa‘a

Thus

SR AR e il

hiad

ot

A
=3
=3
1
—
G
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? Combining (2.11), (2.12), and (2.13) yields (2.10). The rest of the

s ?“45"*‘»‘.}.&‘:32“‘3"“325‘2"

3 proof then follows .immediately.

:Again the next corollary follows immediately

(2.14): COROLLARY. If m<a<s and y <1, then

lim Plm < X <5} = 1

AR R TS B SRS s e AT R

4 s k,-'.r

N
n”! X, => a(1+m)/(1+a), and
; : 0"y = (m)/(1+a).

Th - ml = o(n']/z), tnen

In addition, if |n" " m

A\

N(0,1)

3
N

[x, - na(1+m/(1+a))/[n(1+m)a(1+a)21/2 =

and |
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(2.15) REMARK. The condition y < 1 requires that m(<a) not be

"too close" to a. For this case there will be with high probability

idle capacity at the repair facility but less than n units operational.

In this case, however, it would pay to add more spares. Fortunately,

in practice it seems unlikely that thera would be more repairman

that spares, expect for those instances where the individual units

are very expensive.

This completes our discussion of the one repair faciiity model and

we now move to the two facility model.

3. TWO REPAIR FACILITIES

In this section we shall treat the two facility model illustrated
in Figure 1. As was indicated in the introduction, we shall only
consider a sample of the cases which seem to be of greatest practical
interest. Even for these cases we only sketch the proof. Recall that
gn(t) = (X;(t), X;(t)), where X;(t) represents the number of units
waiting and undergoing repair at facility i, is a positive recurrent
M.c. with finite state space 4 = {(i,j) : 4, §>0, i+j<n-~ m,}.
As was the case in the first paper [3], (5n(t) : t >0} is a reversible
competition process (r.c.p.); see [2, p. 331] for details. This fact
again allows us to define constants {ngg) : (i,3) € An} such that

the 1lim Pﬂén(t) = (1,§)} = P{)\('n = (i,j)} = pfg), where

too
(3.1) pg") = ﬂgg)/ngn) (1,3) e &
n
and
(n) . A0 for ACa.

v Te o
A (i,5)en 13

d

Kb

o gt h e o _
bt (’; 45 AR ~.,“ 5 TP SR SRR

P 6 LT gt -

;'\'\' S
NEVHRRES DRGARY

A

BT ot iy

P

Lo IReN




Again we let Yn =n- [X"‘1+X;-mn]+ dencte the stationary number
of units operating and N(0, 1) stand for a normal random vector with
~
mean vector Q and covariance matrix J. Throughout the rest of this
~

paper we assume S~ NS, (i=1,2) and m v~ onm o as n—> =,

where 0 < $; < 1 and m> 0. Let a; = Ap/ul, a, = Aq/uz, and
as (a], az). The first case we treat is perhaps the most favorable
one from the point-of-view of an operational system. Both facilities
are operating in Jight traffic and an ample number of spares are

available.

(3.2) PROPOSITION. If S1* Sy <M, Ay < Sy, and a, < Sy then

pgg) = [1-0o(n™V%)] P®lnay) = i} - P@nay) = j},

where 0<1ic<s and 0<j<s.

n - n

Proof. Set ngg) = 1 and use the method of [2] to obtain

n(a]+a2)

(3.3) wgg) PP(na;) = i} - P{P(nay) = j}
for 0<i g.s; and 0<j 5.5;. Using the appropriate expressions

-n(a;+a -
for the other ngg)'s we can show that e ( 1 Z)WX:) =1+ oln ]/2)

as n —> o, Combining this result with (2.18) yields (2.17).
Again the proof of the following corollary follows immediately.
(3.4) CORCLLARY. If s, +s,<m, a; <s;, and a, <s,, then

: 2 - .
(3.5) Tim P{X 5_(5;, sn)} = 1

n-eo
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and

(3.8) Tim P{Yn =n}=1.
Mo

(3.9) REMARK. Under the conditions of (3.4) no queues form and n

are asymptotically independent. The two facility model in this case

units are operating with high probability. Note also that Xé and Xﬁ

behaves exactly like two independent one facility models.

Before proceeding to the next result, we mention the fact that
the conclusions of (3.2) and (3.5) are essentially unchanged if one of

the following three situations hold:

(3.10) Syt Sp>m 2y <s,<m 3, <s,<m and either

m>s]+a2 or m>sz+a];

(3.11) 8 < Sy <M 3 <M< s,y or

(3.12) 8y <M< Sy, A <M<S,.

In all of iscse cases (3.6), (3.7), and (3.8) h~1d, hovever, (3.5)
requires slight modification. Observe that in all of these cases

we need a; <8y A m, i=1,2. It is this condition which insures
a light traffic situation at both facilities and n units operating

with high probability.
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Now let v = (1+a2)/a] and y = a2/('l+z.2). The next case we
consider is one in which facility 1(2) is in heavy (light) traffic and

an ample number of spares are available.

(3.13) PROPOSITION. If S;+S,<m > s, (1+a2), and a, <'s,, then
(8) - 11 - o(n™V2)] P@(siv) = ne m - i PB(n + m - iy} = 3},

p'ij

where m <, 0<j<s, ad i+j<n+m.

Proof. Set "r(r':% 0° 1. Then again using the method cf [3] we obtain
n’

sly
“1(“) = el P{G’(s:‘v) =n+m -1} P{R(n + m- i) =3},

for m <i, 0<j<sy, andi+j<n+m. The rest follows using
the standard approach.

In this case we have

(3.14) COROLLARY. If sy + s, <m, a,>sy (1+a,), and a, <s,, then

(3.15 Tim P{X: >m_, X2 <s2} = 1;
) B M= M Tn="n
. (3.16) n’l ,\),(n => r;= (T+m- 51V Ws]);
(3.17) n Tl Y = s u(1-y) < (1)
.t n 1 Y 2 .
- - - . =1/2. t
In addition, if |n 1 s, - S1l = oln 172 and |n ! m, - m| = o(n 125 then i

(3.18) (x - neim’2 = N(Q,D),

Vil
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where
SV =SqvY
e ;g
“SVY Sqvy
(3.19) v, - ns]v('l—y)]/[ns]\;ﬂ*y)]]/z => N(0,1).

(3.20) REMARK. In this case with high probability repair facility 1

is completely accupied and no queue forms at repair facility 2. Less

than n units are operating with high probability regardless of how

many spares are provided just so long as syt sp<m Again we see

that spares are of no help in alleviating a heavy traffic condition

at one of the repaiv facilities. Adding more spares only increases

the congsstion at facility 1 without producing more operating units.

The results of (3.13) and (3.14) are essentially unchanged if

one of the following three conditions holds:

(3.21) S]+Sp>Mm, Sy <m, s, <m

(1+a2)s] <y, 3y <,

(3.22) spem s, >m,
(1+az)s] <ay, a<m or

(3.32) S1>Mm S, >m
[(1+a2hn]\[ S] <28 3 <m
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In al1 of these cases (3.16), (3.17), and (3.18) and (3.14) hcld,
however, (3.15) requires slight modification. For these cases

facility 1 (2} is in heavy (1ight) traffic. Increasing the level of
spares only adds to the congestion at facility 1 without producing more

operating units.

The final case we treat is comparable to (2.9). There is idle
capacity at both Tacilities, however, .less than n units are operating.
As in [3] we leot :j denote a trinomial r.v., p; = a§/(1+a1+a2)=
i=1,2,

(3.24) PROPOSITION. If (1+az)m <3y <Sy, <M< Sy,

and

[e(a; +ma;)/(m + ua])]'"(]+a1+az)'] =y;<h

then

pi(") = [1- o /D1 Pd(mem; by, p,) = (1,001,

Set u(()g)=l and then for m < i <s,, 0<Jj<m

w0 = POy b)) = (0D,

n+m

d =
n (r+2) -+ (n+1}

From here the method is the same.
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(3.25) COROLLARY. If (M+ay)m< a; <s;, a,<m<s,, and

Yy < 1, then

L8, PNUI sy ENE A

. 1 2 =
TimP{m < X <s,, 0<X <m} =1,

kS
|2
-] b3
n => (1 + m)p, and C 3
L] 'Jn . g
- Tl Y = (1+m)/(1+ 3+ a,) g
n Tty :g
adivion i o] - o 12 E
In addition, if fn " m -mf=o(n'7), then X
(X - n(i + mp)in'/% => N(0, ), g
3 ~h ~ ~ :?
3 1
4 where 3
5 ri1 -9y My 2
E A = .
“PiP2 92“ - pz) s
3 and
¥, - n(1 +m)/ (1% a; + 2,))/[py(1 - py) + py(1 - Pz)]m => N(0,1).
- (3.26) REMARK. In &iiis situation, both facilities are in light traffic ;
. but fewer than n units are operating. This again is the situation in
which it weuld pay to buy more spares.
This concludes our discussion of the two facility model. We
regeat the nrincipal lessons learned. In order to insure unsaturated E
conditions at both facilities and a fv1l set of n units operating g -
l_‘ >
we need to have a,<sAmand a,<s, Am. If on the other hand 4 ;
W s
either a; > 5y or a, >s,, then at least one facility will be * ;
3 16 ’
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saturated and fewer than n units will be operating. In this latter

case addition of spare units only increases confestion without § 2
S contributing to operating units. 4
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